We study two mechanisms of locomotion of a body in an inviscid fluid, which take place without the shedding of vorticity; we consider two simple examples of robots which are able to move along a straight trajectory. The first one consists of a sphere with an internal moving material point (actuator); this illustrates the recoil locomotion. The second robot represents a sphere moving along a thin rigid rod, this is aimed at illustrating the deformational locomotion. The latter appears since this motion of a sphere can be seen as a 'soliton' deformation, moving along the rod. The equations of motion for both robots are the same, while the intervals of variables are different. The first robot was introduced by Saffman (1967), who also wrote that he was unable to find any exact solution for the deformational locomotion: our paper fills this gap. Some previous papers emphasize that, in the cases of locomotion, the deformations must be not axisymmetric. We consider only axisymmetric examples, which expands the range of the involved possibilities. The simple construction of presented robots allows us to operate with the exact solutions only, which can play a 'reference' role. Our aim is to analyse the main notions and terminology, used in this high-impact research area.
1. Introduction. Recoil mechanism of locomotion.
The locomotion of a body in an inviscid incompressible fluid, taking place without shedding vorticity, has a long history, see e.g. Benjamin & Ellis (1966 , 1990 ; Saffman (1967) ; Miloh & Galper (1993) ; Kelly (1998) ; Kozlov & Onishchenko (2003) ; Chambrion, & Munnier (2011); Vladimirov (2019) . In his pioneering paper, Saffman (1967) studied two different cases of locomotion in an inviscid incompressible fluid. His target was to show that the locomotion without shedding of vorticity is possible. In doing that, he considered separately the cases of heterogeneous bodies and homogeneous bodies. In this paper we use a closely related, but different classification which separates two mechanisms of locomotion: the recoil locomotion and the deformational locomotion. First, we consider Saffman's robot, which represents the basic example of recoil locomotion, and then we consider the spear robot, which we use to demonstrate the deformational mechanism of locomotion. We show that the identification of the type of locomotion in particular cases can depend on the physical interpretation. We discuss and analyse the involved notions and terminology. All the papers Benjamin & Ellis (1966 , 1990 ; Saffman (1967) ; Miloh & Galper (1993) emphasize that, in the cases of locomotion, the deformations must be not axisymmetric. In this paper we consider only axisymmetric examples, which expands the range of the involved possibilities. An advantage of the presented results is the use of only simple constructions of robots and only the exact solution of the equations of motion, which makes the mathematical results completely reliable.
Saffman's robot consists of two parts: (i) a sphere of mass M , and (ii) an internal point mass (an actuator) of mass m, see Fig.1 . The space outside the sphere is filled 0
Saffman's robot consists of a sphere of radius r(t) and a movable material point (actuator) C mounted inside the sphere. Motions of points O and C take place along the line AB. The distance OC is ξ(t) = xc(t) − X(t). The locomotion along the line AB takes place due to the prescribed periodic oscillations of two control functions r(t) and ξ(t).
with an inviscid incompressible fluid (of the density ρ = const) quiescent at infinity. The sphere is deformable, such that it possesses radius r(t), where t is time. The virtual mass is µ(t) = ρv(t)/2 with v(t) = 4πr 3 (t)/3 (the validity of this expression for the timedependent radius r(t) is proven in Lamb (1997) ; Saffman (1967) ). For an additional physical purpose, Saffman (1967) considered the one-dimensional locomotion of a threedimensional ellipsoid with oscillating axes, but one which possessed a fixed volume. This generalisation is not important for our consideration. Let the motion of both the sphere and the actuator takes place along a fixed x-axis (along the diameter AB in Fig.1) , where X(t) is an unknown coordinate of the sphere's center and x c (t) = X(t) + ξ(t) is a coordinate of the actuator. Both functions λ(t) and ξ(t) can be chosen arbitrarily (they are called control functions). The physical restriction ξ(t) < r(t) means that, at each instant t, the activator lays inside the sphere. One can accept a stronger restriction |ξ(t)| < min r(t), while the exact location of the actuator inside the sphere does not play any role. The conservation of linear momentum P yields P = (M + µ(t))Ẋ(t) + m(Ẋ(t) +ξ(t)) = 0 (1.1)
where the dots above letters stand for time-derivatives. The total value of momentum P is chosen to be zero. This corresponds to the motion, started from the state of rest of both robot and fluid. Then:
The right hand side of (1.2) contains only known functions, so X(t) can be calculated by direct integration. Let both functions µ(t) and λ(t) be T -periodic. With introduction of frequency ω (2π/ω = T ) and variable τ ≡ ωt, this allows us to write
where the subscript τ stands for τ -derivative; ξ and X have the dimension of length. Then, an averaging operation is defined as:
The spear robot consists of a sphere of variable radius r(t) and a thin homogeneous rod AB of fixed length L. The distance between the center of gravity C (with coordinate xc(t)) of the rod and the center of the sphere O (with coordinate X(t)) is a given function ξ(t) = xc(t)−X(t).
The locomotion of the robot along the direction AB is due to the prescribed changing of control functions r(t) and ξ(t).
The displacement ∆ during one period is:
One can see that if the control functions are mutually dependent, such that ξ(λ) or λ(ξ) are valid, then ∆ ≡ 0. Hence for obtaining ∆ = 0 one should take them as mutually independent. An example (similar to one presented in Saffman (1967)) is:
with constant amplitudes ξ a and λ a , the later inequality has the physical meaning of non-negative virtual mass. The evaluation of ∆ (1.5) yields
which, for small amplitude λ a , behaves as its linear function
Then, as λ a increases, the displacement ∆ monotonically increases until its natural maximin at λ a = λ. The value of definite integral, leading to (1.7), follows from the formula 859.2 in Dwight (1957) .
Deformational locomotion versus recoil locomotion
The spear robot consists of two elements: (i) a sphere of mass M and a time-dependent radius r(t), and (ii) a thin homogeneous rod of mass m and fixed length L. The rod penetrates through the axis (diameter) of the sphere, see Fig.2 . The space outside the robot is filled with an inviscid incompressible fluid with the density ρ = const; a fluid is quiescent at infinity. We consider a one-dimensional motion along the axis x which is parallel to the rod. Let X(t) be the unknown coordinate of the sphere's centre and the position of the rod's center mass be x c = X(t) + ξ(t). We can choose two control functions r(t) (0 r < ∞) and ξ(t) (L/2 ξ L/2) for obtaining the desired regime of robots' locomotion. The conservation of momentum yields: where µ is the virtual mass of the sphere. The zero value of momentum corresponds to starting from a state of rest. One can see that (2.1) and (1.1) are the same. This coinciding is not surprising, since the infinitely thin rod can be seen as an 'external actuator', which doesn't interact with a fluid directly. Example 1. Periodic functions λ(t) and µ(t). Let the oscillations of ξ(t) and µ(t) be Tperiodic. Then, the same equation (1.3) for the spear robot and for Saffman's robot leads us to the same solutions (1.7), describing the recoil locomotion. Hence, one can conclude that both robots can exhibit recoil locomotion. At the same time, this solution can be interpreted as the deformational locomotion of the spear robot. Indeed, it can be seen as a 'soliton type' wave of the rod's deformation (having a spherical shape), oscillating along the rod. Here one can see an interesting duality in the physical interpretations.
Example 2. Parabolic λ(t) and linear ξ(t). At the same time, the spear robot possesses different modes of self-propulsion, which can be seen as deformational locomotion and can be hardly interpreted as the recoil locomotion. For mathematical simplicity and for convenience in physical interpretation, we accept here that M = 0 and hence will call the sphere a bubble, like in Benjamin & Ellis (1966 , 1990 . Let the bubble move from the left end of the rod (ξ = L/2) to the right end (ξ = −L/2) during time T , see Fig.3 . The dimensional variables are X ′ = X/L, ξ ′ = ξ/L, t ′ = t/T . Then (1.3) takes the form
where all the 'primes' are dropped for brevity and the subscript t stands for derivative. A simple translational motion of the bubble with constant speed −ξ t = 1 (in the dimensional variables the speed is V = L/T ) is
which means that the bubble moves with the constant velocity (equal unity). The virtual mass is chosen as
which means that the bubble is rising from zero at t = 0, has a maximum radius (corresponding λ m ) at t = 1/2, and then decreases to zero r and λ at t = 1, see Fig.4 . Then, the integration of (2.2) yields:
The graph of ∆(a) is given in Fig 5. As it should be physically, for a → 0 (a very small bubble) the rod is not moving at all and X(t) increases linearly from −L/2 to L/2. For the opposite case, a → 1 (a large bubble), it is not moving, and we have the rod shifted to the distance −L. Finalizing this example, we write that during the period T , the center of mass of the spear robot is shifted to distance L∆(a). Then, we can combine any number N of such intervals, having the robot shifted to any (negative) distance N L∆(a) with a ≡ λ m /(1 + λ m ). Example 3. Trapezoidal λ(t) and piecewise ξ(t). Here, we use the same dimensionless variables as in the previous example. The time-dependence of the bubble's radius and the related virtual mass during the translational motion of the bubble may be confusing for some readers. A simple way to avoid it is to choose:
in both cases 0 t δ −1/(1 − 2δ) in both cases δ < t < 1 − δ 0 in both cases 1 − δ t 1 (2.6) for a real number 0 < δ < 1, see Figs 3 & 4. This means that during the interval 0 t δ, the bubble stays at rest at ξ = 1/2 and expands from zero to the size corresponding to λ m . During this procedure, the bubble generates a spherically symmetric point source type flow, which doesn't affect the rod, hence the rod is not moving. Then, the bubble moves with a constant velocity −ξ t = 1/(1 − 2δ) and constant virtual mass λ = λ m until it reaches the right end ξ = −1/2 at instant t = 1 − δ. Finally, at the right end of the rod the bubble stops (and hence the rod stops) and λ(t) decreases to zero whilst generating the sink-type flow, which again does not affect the rod. Then, the displacement of the rod during the time T is ∆ = −L/(1 + λ m ). This displacement ∆ can be repeated any number of times N , which leads to the time-periodic locomotion of the spear robot and to the displacement N ∆.
As a supplementary example of the deformational locomotion (leading only to an approximate solution) we mention here a dumbbell robot. It represents two spheres, connected by a thin weightless rod of constant length L, see Fig.6 . Taking the zero Figure 6 . The dumbbell robot consists of two spheres of masses M1, M2 and radii r1(t), r2(t) connected by a rigid rod of fixed length L. The control functions are r1(t), and r2(t).
total momentum and the equality Y − X = L + r 1 + r 2 , one can derive an approximate equationẊ
obtained under the condition L ≫ max(r 1 , r 2 ), when the leading approximations for virtual masses are given by that of a single sphere. After taking the T -periodic control functions r 1 (t) and r 2 (t), the integration over t immediately shows that such a dumbbell robot moves with the averaged speed proportional to the correlation r 3 2ṙ 1 or r 3 1ṙ 2 . The locomotion appears when r 1 (t) and r 2 (t) represent independent functions.
Discussion
1. In this paper, we present the conceptual examples, aimed at analysing the general notions and terminology, such as those used in Miloh & Galper (1993) . For the full reliability of the results, we consider only exact solutions.
2. The spear robot is capable of self-propulsion/locomotion in an inviscid incompressible fluid. There is an interesting duality in the physical interpretations: this robot can be seen as able to exhibit both recoil locomotion or deformational locomotion. The latter appears since the motion of the bubble relative to the rod can be seen as a 'soliton type' rod's deformations. This deformation has a spherical shape, and travels along the rod simultaneously changing its amplitude. For the purpose of geometrical visualisation one may write that the time-evolution of the shape of spear robot looks somewhat similar to that in the self-propulsion of worms, see e.g. Quillin (1998) ; Boxerbaum, et al (2012) ; Ziwang & Jian (2017). Indeed, the worm's peristaltic propulsion is modelled by a wave, consisting of a sequence of radially expanded and radially contracted segments of its long cylindrical body. In the spear robot, the motion of the sphere can be seen as a moving expanded segment of the rod.
3. Saffman (1967) wrote that he was unable to build any exact solutions for deformational locomotion of a homogeneous robot. Our paper fills this gap. The spear robot cannot be homogeneous by its nature, however it can be seen as moving, due to deformations. At the same time, the idea of a homogeneous body in the case of its time-dependent volume is physically not self-consistent, since it requires an instant redistribution of body's density in response to the changing volume.
4. There are several simplifications and restrictions accepted in our examples. (i) The suggestion M = 0 and the related use of the term bubble do not represent any principal difficulty. One can consider M = const or M = M (t) as the result of mass exchange between the rod and the sphere. (ii) The restriction of the time-dependent volume and virtual mass can be also avoided. Indeed, one may consider, say, a thin disc that is perpendicular to the rod (instead of the sphere).
5. The dumbbell robot gives us an instructive example of deformational locomotion. The list of such examples can be continued, however they are out of the main scope of this paper, since the virtual mass of a dumbbell is known only approximately (Lamb (1997) ).
6. An interesting open problem is the generalization of the spear robot to creeping flows. This problem is closely related to the classical examples of a self-propelling bending sheet, to peristaltic motion, to interaction between spheres etc. see Childress (1981) ; Childress et al. (2012) ; Moffatt & Vladimirov (2019) . Those areas are well developed. The analysis of related solutions for the general Navier-Stokes equations represents a great challenge, see Childress, Spagnolie, and Tokieda (2011) .
